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THE DETERMINATION OF ELASTIC STRESSES
IN GAS-TURBINE DISKS

By S. S. Manson

SUMMARY

A method 1s presented for the calculation of elastic siresses
in symmetrical disks typical of those of a high-temperature gas
turbine. The method 1s essentially a finite-difference solution of
the equilibrium end compatibility equations for elastlc stressss In
e symmetrical dislk. Account can be taken of pcint-to-point varia-
tions 1in disk thickmness, in temperature, in elastlc modulus, in
coefficient of thermal expansion, in materisl density, and in
Poisson's ratio. No numsrical integration or triasl-and-error pro-
cedures are involved and the computations can be performed in rapld
and routine fashion by nontechnical computers with little engineering
supervision., Checks on problems for which exact mathematical solu-
tlons are known indlcate that the method ylelds results of high
accuracy.

Illustrative examples are presented to show the manner of
treating solid disks, disks with central holes, and disks con-
structed elther of a single material or of two or more welded
materials. The effect of shrink fltting is taken into account by
a very simple device.

INTRODUCTION

One of the problems in the design of gas turbines 1s the destser-
mination of the stresses in the turbine disk under operating con-
ditions. Calculation of the elastic-stress distribution is a first
step in the determination of the true stress distribution. This
stress distribution 1s based on the assumption of linearity of stress
with strain and differs from the true stress dlstributions, which
may contein stresses beyond the proportional elastic limit of the
material.

The equationg for the slastic-stress distribution in symmstrical
disks are well known. Thelr solution may, however, offer considerable
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difficulty. One difficulty encountered in calculation of the oper-
ating stresseas in disks with high-temperature gradients is that the
vhysical properties of the materials, such as elastic modulus,
Polsson's ratio, and coefficient of thermal expansion, vary with the
temperature and therefore have & dlfferent value at each location in
the disk. In additiom, the thickness of the turbine disk varles from
radins to radius. If the disk consiste of portions of different
materials welded to each other, the density may vary from one section
to the other. Shrink fitting and welding of the component paris at
elevated temperstures alsc introduce speclal stress problems.
Attempts to find complete analytical solutions for the stress problems
that take into account shrink fitting and point-to-polint variation of
the physical properties and of the disk thickness result in mathe-
matical complexities; approximete solutions are therefore uaually
found by numerical methods.

Thompson in reference 1 glves a numerical approach to the
turbine-disk problem that takes into account poinbt-to-point variation
in disk thickness and in all physical vroperties except Poisason's
ratio. A method cavable of easily accounting for shrink fitting and
for the variation in Polsson's ratioc as well ag in the other prop-
erties 1s presented in tle analytical sectlon. The method is
eggentially a finite~difference solution of the dirferential squa-~
tions of stress 1n a rotating disk and incorpcorates eseveral advan-
tageous features uncommon to other forms of sclution. For example,
numerical integration and trial-and-error processes have besn com-
pletely avoided, which maskes 1t possible for nontechnical computers
to carry through the entire solution rapidly and with little engi-
neering supervision.

In the second section, illustratlive examples are presented %o
show the manner of treating a solid disk and a disk with a central
nole for application to a ges turbine. The examples are self-
oxplanatory and may be used ag a guide for the solution of turbine-
isk problems without reference to the analytical section of the
report in which the basis for the solution is derived.

The method also has applicebllity to the study of stresses in
roteting disks other than that in the gas turbine. It has been
applied, for example, to disks of axial~flow compressors in which the
only complicating factor is varisble digk thickness. For such appli-
cation the main advantages of the method are the routine nature of the
calculation, the repidity with which the calculations can be made, and
the accuracy of the final results.
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ANALYSIS
Symbols
The following symbols are used:
elastlc modulus of disk material, pounds per square inch
axlgl thickness of disk, inches
radial distance, inches
coefficlent of thermal expansion between actual temperature
and temperature at which there is zero thermal stress,

(inches per inch) per °F

temperature increment above that at which there is zero thermal
stress

radial strain, inchses per inch

tangential strain, inches per inch

Poisacn's ratio

mass density of disgk materlal, pound per second? per inch*
angular velocity of disk, radians per second

radial stress, pounds per square inch

tangential stress, pounds per square inch

The-following supplementary subscripts are used for denoting

values of above symbols in connection with the finite-difference

golution:
I n°2 point station
’ n-1 {(n-1)st point station

a

a

station at the smallest radius of the disk considered; (for
a disk with a central hole thig statlon ls taken at the
redius of the central hole; for a =solid disk, this station
is taken at a radius of about 5 percent of rim radius.)
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b rim of disk or base of biades
Example of the use of double subscript:
Op,n-1 redial stress O, at station (n-1)

The following supplementary symbols denote combinatione of the
Toregoing symbols arising in the analysis:

Ap )
coefficients definsd by equatlons
At,n
By o ’ Or,n = 4 ,n Ot,a * Br,n
7
By, o Ot,n = At,n Ot,a * Bt,n
2
Cn =n hp
o _ E.E + (1 + un)(rn - rn...]‘)
n T g 2 B T'n
1
Dn = é- (I‘n —"rn__l) hn
1 (l + I-'-n)(rn - rn_l)
Dlin =2+ ZE
E, n In
Fpn =7Tno1 Bpa
- Hn-1 (L + ppy )y —rn_a)
o Bpay 2 Bp.1 Tp.1
1
Gn = 5 (rp = rn_1) bnoy
Gt = ok (L + ppq)(ry —rpq)
n=
B3 28y Tpa
1 2 2
Hn = > w (rq = rn-1)(pn by rn° + pn-1 bp-1 rn-lz)
BE'y = ap 8Ty —oap.y 8Thog

Kn - 'y Dp = Fp D'n
C'nDn —Cn D'n
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CpF'y —C', F

o n
K'n = C'n Dy = Cp D'y

L, = - G'y Dn + G D'n

- C'm Dp = Cp D'y

L' - — C‘n Gn + Cn G‘n

n- C'n Dn."’cn D‘n

M, = BE'y Dy + Hy D'y
C'n Dy —Cp D'n

_ C'h Hy + Cp BE'y
n - C'ln D = Cy D'y

Ml

Assumptions

The assumptions are made that stress is proportional to strain
end thet the disk material is completely elastic at the stress dis-
tribution induced by the centrifugal and thermsl effects. All
variables of materiel properties and opsrating conditions are assumed
to be symmetrical sbout the axis of rotation. Axisl stresses are
neglected and at any radius, the radial and tangential stresses are
assumed to be uniform across the thickmess of the disk. Temperatures
are taken in the central plans perpendicular to the axis of the disk.

Outline of Method

In a thin rotating disk of wvariable thickness, the state of stress
at any radius can be completely defined by the two principal stresses,
the radial and tangentlal stresses Oy and . Two equations are
therefore necessary to determine the two unknown stresses. Ths first
of these equations can be obtained from the conditions of equilibrium
of an selement of the disk; the second, from the compatiblility con-
ditions, which are mathematical statements of the Interrelation between
the radlal and tangential strains in a symmetrical dlek.

The equilibrium and compatibility equations result in differen-
tial form defining relations between the stresses at radius r and
those at a radius infinitesimally removed from r. Except for some
special cases, the solutions of these equatlons are difficult to obtain.
In order to facilitate solution, the differential equations are rewrlt-
ten in finite difference form relating the stresses at radius r with
those at & radius finitely removed from r. By means of the finite-
difference equations, the stresses at an arbitrary finite number of
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stations along the disk radius are expressed in terms of the streeses
at a slngle reference station near the center of the disk. For a
disk with a central hole the reiference station is chosen at the inslde
radius, where the radlal stress 1s zero; hence, the streeses at all
stations in the disk are expressed in terms of the single unknown,

the tangentlal stress at this station. For a solld disk, the refer-
ence station is chosen at a point near the center of the disk {at a
radius of about 5 percent of the disk radius). In this region the
radiel and tangential stresses can be assumed to be approximately
equal; again, therefore, the stresses at all stations are exprossed

in terms of a single unknovn. The unknown can then be determined by
the boundary conditions at the rim of the disk where the radial stress
is equal to the centrifugal bucket loading. When the radial stress
at the rim, expressed in terms of the tangentlal s*tress at the refer-
ence station, is equated to the bucket loading, the tangential stress
at the reference station is evaluated. After the tangentlal stress
at the reference station has been determined, all the other stresses,
exprossed in terms of this stress, can bs evaluated.

Differvential Equations

The equilibrium equation as given in reference 2, (p. 374) using
the notation of this paper, is

;F(rhcr)—hct+pw2 nr? = 0 (1)

. The compatibility relation 1s obtained by elimination of wu

(the radial displacement of any point on the disk as the disk passes
from the unstressed to the stressed ocondition) from the siress-sbrain
displacement equations

du Or — & Gy .
€ = el + o AT (2)
O -~ O
u t r
Et—r—-———f——_.+mAT (5)

Equation (3) ie subtracted from equation (2) to eliminate u,

(1 + p)(Or — O¢)
= T ()

du _
dr

His
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or
rdu — udr _ (1 + w)lop — Oy) (5)
rdr B E
Butb
rdu —udr _ 4 f(u
redr T dr (F) (8)

Therefore, by equations (3), (5), and (6),

‘ 1 -
%(%E)—E“;(Egi):,gf(am_( +p}%§r Ot):o -

Equations (1) and (7), together with a knowledge of the boundary
conditions, are sufficlent to solve for the two unknowns O, and

Oy. Because p, E, p, o, AT, snd h are, in gensral, functions
of the redius r, the equations cannot readily be solved in their
differential form; a finite-difference solutlion was thersfore derived.

Finite-Difference Bquations

The translation of differential eguations into finite-difference
form to facilitate solution is common in engineering practice. The
method has, in fact, been applied in limited fashlion to the solution
of the steem-turbine dilsk problem (refersnce 2, Tp. 398-400). This
application neglects, however, the point-to-point variation in
physical properties, and therefore no application to the gas-turbine
disk 1n which there is appreciable variation in properties from hub
to rim is made. In additlon, the solution of the eguations involves
an interpolation procedurc, the elimingtion of which couid reduce
considerasbly the amount of calculation necessary for a solution and
increase the accuracy of the final results.

A number of discrete polnt stations are chosen along the disk
radius as shown in figure 1(a). If it is assumed that the stress
distribution in the disk has already been determined, all quantities
appearing in equations (1) and (7) are therfore known at each of the
point stations and the valuss of corresponding quantities at the
point A midway between the nth and (n-l)st point stations can
then be approximately determined. For example, in the plot of rh G,

against r (fig. 1{(b)), the radius at point A 1is expressed as

Ty = % (rp_q + 1y)
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the valuve of rh G, 18
o1 .
(rh Oply & z (rp-1 bp-1 Op n-1 + Tp by Op p)

and the slope of the curve at point A, which is approximately equal
to the slope of the chord Joining pointe n and n-l, is defined as

& (rhon), ® Ty By Op p = Tpo1 Bpoy Oponal

gy ‘TR Cr/a Ty — Tn-1

In a similay way the values of each of the other variables entering
into the equations can be evaluated for point A. If the evaluaticne
are correct, the quantities at A must satiefy equetions (1) and (7).
These egquations therefore becoms, in finlte-difference form

Tn By Op n =Ty Bno3 Op o). Bn O p + 8p) Opopal

rp — Tp-1 2
2
W 2 2
+ % (pn by ¥ + Py byy Tpag) = O (8)

and
%,n _S%,n-1 *HnC%,n Hn-1 9r,n-1 .
Ep Enoa _ Ep Bna1 + Qp ATy — apn_q ATH3
Tn = Tp-1 Ty = Tp.l Tn = Tn-1

_1 [(1 * I‘Ln)(or,n - c’o,n) . (1 + Lln—l)(‘:’r,n—]‘. - Ot,n—l)] -0
En rp En-1 Tn-1

B
(9)
which reduce to
Cn Op,n = Pn Ot,n = Fn Op,n-1 + Gp O ,n-1 ~ En (10)

and

C'n Opn = D'n Ot,n=F'n Opn-l —G'n Og,n.1 + E'p (11)
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Solution of Finilte-Difference Equations

_ Equations (10) and (1l) represent two egquations from which
Opr,n and Of,n can be expressed in terms of O ,n-1 end Ot n-1.

If the linea:c nature of the equations and the possibili‘by of
successive application of the equations to proceed from one
station to the next are considered, the stresses at any station
can ultimately be expressed in linear terms of the stresses at any
other station. It will be convenlent to express the stresses at
all statlons in terms of the Btresses at the station a. At this
gtation, the unknown value is the tangential stress Ct g’ hence,
the stresses at station n are expressed in the linear’terms

Or,n = Ar n Ot,a * Br,n
n = At,n Ot,a + Bg,n ‘ (12a)
and those at station n-1 in the form
Cr,n-1 = Ay ,n-1 O%,a + Br,n-1
Op,n-1 = At,n-1 5,8 * By,n-1 (12b)

where the coefficlents Ay n, Br,n, At,n, and Bg,n are as yet
to be determined.

The substitution of equations (12a) and (12b) into equa~.

tions (10) and (11) end the separation of the terms with and without
Gt, g Yesult 1ln the eguations

(Cp Ar,n. =Dy -“-t,n —Fn Ar,n-l = Gp At,n-l) Ot,a
+ (Cp Bpn —Dp By,pn —Fp By,n-1 ~ On By,n-1 + By) =0 (13)
and
(C'n Apon = D'n Ag,n = F'n &y n-1 + G'n At,n-l) Ot,a
+ (C'y Br,n ~DP'n Bt,n ~F'n Bpn-1 +G'n By o1 — H'p) =0
(14)

The stress Oy g 1s really arbltrary as far as equations (13)
and (14) are concerned because it depends upon the boundary conditions



10 NACA TN No. 1279

and not on the equations of elasticity from which equations (13)

and (14) were derived; that is, by a sultable choice of the factors
that determine boundary conditions, such as bucket loading and
shrink fit, Op 5, can be set at any desired value without Inval-
idating in any wey the equations of elasticity (1) and (7), or their
ultimste Tinite-difference forms 4in equations (13) and (14). If an
equation in the form c¢x + 4 = 0 18 to be true for all values of

x, the coefficients ¢ and d both must be zero. DBecause egqua-
tione (13) and (14) are to be true independent of the value of Oy 4,
the coefficients of Oy , must be zero, and the two eguations ’
reduce %o !

0

Cn Ar,n =Dy At,n ~Fn Ar,n-l = Cp A'.t,n-l
ClonAp n =D'ndg,n =F'nbpna +&pnbyna = O

7 (15)
Cn Br,n = Dn Be,n = Fn Br,n-1 ~ Gn Beyn-1 + By, =0

o
.

C'n Bpon = P'nBy,n ~F'p By n.1 + G'n Bg,n-1 — H'n

from which Ap n, At,n, Br,n, and Bgn can be determined in the
form

A n=Xp A na1 +In Agnaa )

Ay n = K'n Appn-1 + L' Agna

Bron = Kn Brop-l + In By pn-1 + M [ (%)
Bt,n = K'n Br,n-1 + L'n By n-1 + M'n‘J

If the coefficients Ay ns &ty Br,n: and Bt,n are known
for station n-l they can be determined by means of equation (18)
for station n.

The coefficlents at the first station (r = a) can be determined
by inspection for both the solid disk and the disk with a central hule.
Inspection of equation (1l2a) shows that for a solid disk in which both
the tengential and radial stresses at the first station are equal to

O¢,a

|
[

Ar,a = A*b,a. =

Br,a = Bt,a. =0
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For disk with a central hole in which the radial stress at the
Tirst station is zero and the tangential stress is Oy g

Ap g = Br,a = Bg,a = 0

At,a, = I
From these known coefficlents at the first station, the coefficlents
at all other stations can therefore be determined by succesalve
epplications of equation (16). Once all the coefficients have been
determined, the unknown 0y g caR be determined. The radial stress
at the rim Of,b is the centrifugal loading of the buckets

Op,b = &¢,b Ot,a + Br,p
or

. GI‘ b BI' b
= 2 7
c’c,a A ,1 (l )

where Ar p and By,p a¥re the coefficients for radial stress at
the rim. The radial and tangential stresses at all statlons can be
obtained from equation (12a) after Oy o and all the coefficlents
have been determined ’

ILLUSTRATIVE APFLICATIONS
Cage I - Elsatic-Stress Digtribution in Solid Disk

The profile of a dlsk that is to be anslyzed for stress dis-
tribution at a speed of 11,500 rpm and the temperature distribution
are shown in figures 2(a) and 2(b), respectively. The first step
in the analysis 1s to choose an arbitrary number of statlons slong
the disk radius., The flrst station is chosen at a radius of about
5 percent of the rim radius, the last at the rim. The stations need
not be equidistent, in fact, 1t is advisable to choose the stations
closely together where there is sharp change in dlsk contour, in
temperature gradient, or in variation of physical properties. In
this case 18 statlons were chosen, spaced relatively close together

.near the rim where the gradients in temperature and physlcal prop-
erties were high and near the center for subsequent use of the same
example to illustrate the effect of & central hole. When only &
solid disk is considered, no concentration of points near the center
is necessary. The various steps of the calculation are tabulated in
table I.



1z NACA TN Wo. 1279

The disk radlius at each station is listed in column 1L of table I.
The thickness of the disk h at each station is listed in cclumn 2.
A sharp discontinuity in thickness, such as an sbrupt flange, should
be faired in the disk contour and the falred disk used in determining
thickness.

Ordinsrily the densily of the material is constant throughout
the disk, even over the wide range of temperatures. If a faired disk
hag been used, however, the demsity of' the material in the faired
reglion should be adjusted to produce the total mass that actually
exlstes In the region of each station. Although a flange does not
reduce the stress at its own region by increasing the area, its mass
must be Iincluded as 1t prcduces centrifugal sitresses throughcut the
disk. The corrected density at each station multiplied by the square
of the rotational speed is listed in coclumn 3. In this case no
falring was necessary; hence, all values of density are equal.

Poisson's ratio, listed in column 4, has only an insignificant
effect on the stress distribution and, because no accurate data are
avallable, & constant value of 0.4 may be used. If accurate data on
the variation with temperature on Polseon's ratio are available, use
ol the exact variable values presents no greater difficulty than use
of a constant value. The values of p used in this example are
shown in figure 2(c), and were for convenience cbtained by the assump-
tion of & linear varietion in p with temperature.

The modulus of elasticity at each station is llated in column 5.
Variations in this property have a significant effect on the final
stress velues and accurate date should be used if available. TFor
this example E was arbitrarlly assumed to depend linearly upon the
temperature, and the variation along the radius is shown In fig-
ure 2(d). In practical computations, “the true values of elastic
modulus assoclated with the particular tempersture at each staticn
may be used.

The coefficients of thermal expansion are tabtulated in column 6.
These coefficients must be the average values applicable to_ the range
between the temperatures actually existing and those at which there
is no thermal stress. For a homogeneous disk in which there is no
shrink fitting of one part to another, the condition of zero thermal
stress is at room temperature. Engineering tables usually list the
average temperature coefficlent of expansion between room temperature
and values of high temperature; the listed vaiues may therefore e
uged directly.

The difference between the actual temperature and the temperaturs
et which there 1s no thermal stress is listed in column 7. In tkis
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cage the stress-free condition is at a room tempersture of 70° F.
Column 7 is therefore obtained by subtracting 70° F from each of the
values in figure 2(b). This. column is of great significance in the
cage involving shrink fits. '

The quantities Cn to M'y are computed for each station as
indlcated In columns 8 to 34 of table I. Valuee in each of these
columns can be cobtained in one set of operations on a standard
computing machine. The method of obtainlng the data from the
suitable previous columns is indicated at the heading of each column.

Values in columns 33 and 34 must be compubted simulteneouslty.
The first value for each of these columns is unity. Subsequent
values make use of the previously obtained values in the same columns.
.Thus, to determine the value for column 33 at station 2, column 27
at station 2 is multiplied by column 33 at station 1, and the product
ig added to the product of column 28 at station 2 by columm 34 at
gtgtion 1. For exnmple:

0.81902 X 1.0 + 0.13098 X 1.0 = 1.00000

Columns 35 and 36 are likewise computed simultaneously. The
first value in each of these columns is zero and each subseguent value
is obtained from the previous values in accordance with the symbolic
notation given at the head of each column. Thus, to obtain the
column 35 et station 2, columm 27 at station 2 is multiplied by
column 35 at station 1, column 28 at station 2 is multiplied by
column 36 at statlion 1, and the two products are then added %o
column 31 at station 2

0.81802 x 0 + 0,18098 X 0 — 67.192 = -67.192

Column 37 is unifcrm for all stations and is obtalned from the
exXpregsion

Or,b ;(35)‘0
2D

where Or,b is the bucket loading at the rim. The bucket loading le
ocbtalned by dividing the total centrifugal rorce at the root of the
buckets by the total rim peripheral area. In this problem Cr,p 18
8500 pounds per squave inch, column 37 is therefore,

8520 — (-72,896)
1.93765

= 42,008 rounds per square inch
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Columns 38 and 39 give the radlal and tangential stresses at cach
of the stations. As indicated in table I they are obtained by routine
multiplications and additions of columns 73 to 37.

The radial and tangential stresses from colums 38 and 39 are
»lotted in figure 3, The gtresses at the center of the disk are taken
equal to those at station a, which is one-half inch removed from the
center,

Because the method presented 18 the only one known to the author
that talkes into account point-to-point variation in Poisson's ratio,
the error involved in the agsvmption of a constant value of this
guantity pe compared with the rigorous trestwment of its point-to-point
variations is valuable to detormine. - The broken-line curves in fig-
ure 3 ghow calculations for congtant valuwes of p = 0.3 8nd p = 0.5
compared with the solid curves, which shkow the stre:ses Jor a con-
tinuously variable value of i with tommerature, ag skown in figuwrs 2
and tabulated in colmmm 4 of teble T. The near-coincicdence of thess
curves indicates that the essumotion of a coanstant value of 1 wlthan
the range of actusl values resulis in esccurate final velues of radisl
and tangentlal stresses, :

The effect that difference in the nwmmber of steticns has on the
acocuracy of the results iz shown in figure 4. Little accuracy is
gained by the use of additional points; as few as six points in thie
partlcular case can yiold accurate resulis =t a great saving in com-
pating time.

Case II - Elastic-Stress Distribution in

Disk with Central Hole

A disk with a centrgl hole is studied In & manner similar to the
golid disk except that the first station is tsken ait the inside bound-
ary ingtead of at an erbitrery small disbance as in the solid dilsk,
The choice of stations near the central hole s, however, critical for
tihis case. Statlons should be taken also at distances of 1, 2, 3, and
5 rercent of the rim diameter from the inside boundary of the disk.

In order to illustrate the procedure, the dlak of figure 1 is again
used but with a central hole 1 inch in diameter, choseun so thet
gtation a will be ccnveniently loceted in the same place as sta-
tion & for Case I,

Columns 1 to 32 for the disk of figure 2(a) with the central hole
are identical to the corresponding columns of table I for the solid
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disk. In column 33. the entry for station a 1s O instead of 1 as
for the solid disk; otherwise, the procedure for calculating col-
umns 33 to 39 is the same as that of table I. Taeble II gives the
modified columns 33 to 39 that result from changing the single
first entry in column 33 and figure 5 shows a plot of the resulting
radlal and tangentlal stresses; the curves marked "18 stations" are
the stress values for this computation.

The results of supplementary calculations using different
numbers of . stations (fig. 5) indicaite that considerable error can
result in the determinatlon of the peak stress at the inner boundary
if an insufficient number of stations are chosen near this boundary.
L more Jjudiclous choice of stations for the 6~ and 10-station systems
could produce more accurate results than those shown; in the absence
of experience in cholice of locatlons, however, it is better to choose
& large number of stations and insure accuracy.

A practical procedure used to reduce the amount of calculation
necessary to obtain the critical end stresses 1s to calculats the
stress distribution on the basis of a solid disk using a few stations
and then to modify the stresses in the immediate vicinlty of the
central hole by the stress concentration factor characteristically
Introduced by the hole. A comparison orf flgures 4 and 5 indicates
that, with the exception of the reglon immedliately adjacent to the
central hole, the stresses are similer for the cases of the solid
disk and of the disk with the central hole; this stress distribution
depends very little on the number of .stations chosen. By reference 3
(fig. 145), for example, the characteristic stress concentration for
e disk with a central hole of which the dlameter 1s one-twentieth of
the outside diameter is about 2.0. From calculatlons based on dif-
ferent numbers of stations the calculated average stress at the center
of the solid disk (fig. 4) is 43,000 pounds per square inch. The
tangential stress at the inslde boundary for the disk with the central
hole should therefore be 2 X 43,000 = 86,000 pounds per square inch.
The radial stress at a free boundary is, of course, zero. A4 curve
faired between these boundary values and the general curves of fig-
ure 4 would colncide very closely with the 27-station result of fig-
ure 5.

Cage III - Elastic-Stress Distribution in
Composite Welded Dilsks

For some applications turbine wheels must be fabricated by
welding parts composed of several materials. The method of analysis
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preosented !g applicable to studies of composite welded disks in which
various alternatives of boundary location and shrink interference cen
be Investlgated with few changes in the tabulated computetions. The
procedure is illustrated for a typical application in which the bound-
ary location is constant.

The disk of :lgure 2(a) ls assumed to be made in two parts with
the boundary at the 6-inch station. Figure 6 shows the itwo portions
of the disk Just before welding. The heat-realsting outer portion
is heated to 670° F while the immer portion is maintained at 70° F.
(In practice both portions may be heated while maintaining a desired
tenpersture differentisl.) At this temperature condition an exact Tit
exigtes between the mating tips of the two parts. The wedge is then
filled with weld metal.

The asgumption ie made that this temperature differential between
the two portions of the disk ie maintained throughout the welding
process in making the calculations. Any cooling of the outer reglon
prior to the placement of the weld metal would produce a crushing of
the mating tipes and reduce the effectlive amount of shrink. Localized
effects of the weld metal in producing residual stresses are neglected.
The calculations are made as 1f the high-temperature slloy, having
full width at the mating face, is shrunk at 670° F onto the full-width
steel central portion. Table III shows the essential tabulatlions for
this case.

In order to ineure accuracy a few more statione than were used
in tebles T and IT have been chosen in the vicinity of the boundary.
The densities of the two materials are somewhat different. The
quantities for p and E are the values at the temperatures of
figure 2(b). The gquantity AT at each station is the difference
between the exlsting temperature and the temperature at which there
18 zero thermal stress. The temperatures of zero thermal siress occur
Just before the shyink fit when the outer portion is at 670° F and
the imer portlon is at 70° ¥. There? ore, for the outer portion
870° F 1s subtracted at each station 1rom the temperatures of fig-
ure 2(b) end for the inner portion 70° F is subtracted. The value of
o &t each station must be the average o between the stress-free
temperature and the operating temperature. At the rim, Tor example,
an average coefficlent of expansion between 670° F and 1270° F must
be used. The average temperature coefficient aj;_p applicable to the

range between any two temperatures T; and Te can be found by
- alz le _mll Tll
G'l'z (Tz e Tl)(l 4 0!"1 T'l)
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where o'; and a's are the average coefficlents of thermal expan-
gion between between room temperature and the temperatures T; and
T2, respectively, and T'; and T'p are the tempsrature differences
between Ty and Ty and room temperature.

The procedure of calculating table III from column 8 on 18
similar to that of table I, The final calculated values of stress
are shown in figure 6.

Comparison of figures 5 and 6 shows that e shrink fit, unless
excesslve, can have beneficial effects. The shrink fit reduces the
tangentlial tensile stresses that exist near the central hole under
operating conditions and also the tangential compressive stress at
the rim. Compressive stresses at the rim can be detrimental. If the
elastic compressive stresses exceed the yield strength of the material,
plastic flow takes place and a residual tangential tenslle stress
exists after overatlon. Becsuse the region of the rim is a stresa-
concentrated area as & result of the blade abtachments, even rela-
tively small residual tensile stress may cause cracks, The shrink
fit removes the high tenslle stress at the center and the high com-
pressive stress at the rim but introduces & high tensile stress at
the boundary of the two fitted regions. The boundary 1s at & lower
running temperature and has no stress-concentrating effects of the
blade attachments. '

The optimum amount of shxink, howsever, is fairly critical.
Probably the shrink of the illustrative example is excessive. There
is no need to reduce the gtresses at the hole and at the rim as much
as shown in figure 6 at the expense of such a high stress at the
boundary. An additional calculation can readily be made by ueing a
smaller temperature difference of shrinking than assumed in this
calculation, Only columns 6, 7, 24, 31, 32, and 35 to 39 are affected
by any change, and the redistributlon of strese can be calculated very
rapidly. Thus, e more suitable shrink it can readily be found.

Case IV ~ Check on Adequacy of Method

Checks on the adequacy of the method were obtained by comparing
the results of finite-difference calculations to theoretlcally corresct
results in severel cases where the latter could be obtained. In ons
cagse a perallel sgided disk was studied. The conditions of operation
are shown In figure 7; the circles and squares show the radial and
tangential stresses as determined by the finite-difference method,
respectively; and the solld lines show the theoretically correct
stresges obtained by rigorous solution of equations (1) and (7) for
this case in which E, o, and p are constant., This corrslation
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is seen to te very good. The maximum deviation occurs at the boundery
of the central hole where the difference between the tangentlal stress
as computed by the finite-difference method and the theoretically cor-
rect value 1s about 2 percent. The average deviation between the
theoretical and finite-difference stresses throughout the digk 1s less
than fone-half percent. Checks on solid disk produced closer agree-
ment, even when a small number of stations were used. A check on a
disk of uniform strength produced vesults differing from the exact
solution in the order of fone-fourth percent of the theoretical
stresses throughout the entvire disk.

CONCLUSIONS

The finite-~difference method of calculating siresses in rotating
disks has been applied extensively to various types of turbine disks
under different conditions of constant temperature or with a temper-
ature gredient. The procedure was found to be convenient and rapid.
Where checks were avaeilable, the results showed a high degree of
accuracy.

Flight Propulsion Research Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio, February 27, 1947.
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TABLE I « CALCULATION OF STRESSES

[Engs.ne speed, 11,500 rpm; operating
at conter; average radial stress

1279
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TABLE II - CALCULATION OF STRESSES IN DISK WITH 1-INCH CENTRAL HOLE

[Engine speed, 11,500 rpm; operating temperature,
1270° F at rim, 670° F at center]
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TABEE III - CALCULATION OF

[Engine apeed, 11,500 rpm; operating
at center; shrinking condition, 670¢ F for
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{a) Locatlion of point stations.
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Figure |. - Sketches used to derive finlte-difference equations for
stresses in symmetrical rotating disk.
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(a) Disk profile: Case I, solld disk; Case II, disk
with {«inch central hole.
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Figure 2. - Disk profile, temperature distribution, and variation of
physlcal properties of disk material as function of radius, for
itlustrative problems.
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Figure 3. = Stress distribution in solid disk of flgure 2
computed with constant and with variable values of Polisson's
ratto.

+



Fig. 4 NACA TN No. 1279
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Figure 4. - Effect on calculated stress distribution in disk
of figure 2 of various numbers of stations.
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Fig. 6 NACA TN No. 1279
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Figure 6. ~ Stresses at running conditions of speed and temperature in com-
goslte welded disk, Temperature of operating rim section during welding,
7700 F; temperature of central section, 70° F.
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Figure 7. - Comparison between theoretical and finite-difference solution
stresses in parallel-sided disk of 20-inch diameter rotating at 10,000
rpm with temperature gradient that varies as fourth power of radius from
600° F at center to 1200° F at rim. E, 30x10° pounds per square inch;

«, 8x10~° (nches per inch) per F; W, 0.3.



